A Idesman
In the paper the reduction of the numerical dispersion error for wave propagation problems with the application to isogeometric elements in the 1-D case (Part 1) and the 2-D case (Part 2; see [1] ) is considered. Wave propagation in an isotropic homogeneous medium is described by the following scalar wave equation in domain Ω :
with the boundary conditions n · ▽u = g 1 on Γ t and u = g 2 on Γ u , and the initial conditions u(x, t = 0) = g 3 , v(x, t = 0) = g 4 in Ω . Here, u is the field variable, v =u is the velocity, c is the wave velocity, t is the time, Γ t and Γ u denote the natural and essential boundaries, g i (i = 1, 2, 3, 4) are the given functions, n is the outward unit normal on Γ t . The application of the continuous Galerkin approach and the space discretization (e.g., the finite elements, spectral elements, isogeometric elements; see [2] [3] [4] and others) to Eq. (1) leads to a system of ordinary differential equations in time
with
where U(t) is the vector of the field variable, the global mass M and stiffness K matrices have a banded structure and are obtained by the summation of the corresponding local (element Ω e ) matrices M e and K e :
Here, N and ∂N ∂x are the shape matrix and its derivative with respect to the physical coordinate x; see [2, 3, 5] . Due to the space discretization, the exact solution to Eq. (2) contains the numerical dispersion error. Usually the analysis of the numerical dispersion error and its improvement for many space-discretization techniques such as the finite elements, spectral elements, isogeometric elements and others start with the analysis and modifications of the elemental mass and stiffness matrices; see [3, 4, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . For example, one simple and effective finite-element technique for acoustic and elastic wave propagation problems is based on the calculation of the mass matrix M in Eq. (2) as a weighted average of the consistent and lumped mass matrices; see [13] [14] [15] [16] and others. For the 1-D case and the linear finite elements, this approach reduces the error in the wave velocity for harmonic waves from the second order to the fourth order of accuracy. However, for harmonic wave propagation in the 2-D and 3-D cases, these results are not valid (nevertheless, in the multi-dimensional case, the averaged mass matrix yields more accurate results compared with the standard mass matrix).
Some useful techniques for the reduction of the numerical dispersion of the finite element solutions for the Helmholtz equation and for the time-harmonic elastic waves have been developed for a given wave number; e.g., see [26, 27] . In these approaches, the parameters that improve the numerical dispersion depend on the wave number. Therefore, for general wave propagation problems in the time domain that include many other wave numbers, these approaches may not be very efficient.
An interesting technique with implicit and explicit time-integration methods is suggested in [17] for acoustic waves. It is based on the modified integration rule for the calculation of the mass and stiffness matrices for the linear finite elements. In contrast to the averaged mass matrix, the use of the modified integration rule increases the accuracy for the phase velocity from the second order to the fourth order in the general multi-dimensional case of acoustic waves. A similar improvement in the order of the numerical dispersion error for the linear elements in the 1-D case yields the selective mass scaling technique developed in [28] . Using the mimetic finite difference approach, similar results for acoustic waves and electric waves in the 2-D case have been obtained in [12, 29] for the linear finite elements with reduced dispersion and reduced numerical anisotropy.
The dispersion reduction technique for the high-order finite elements have been suggested in [7] for acoustic waves. This technique is based on the calculation of the mass matrix M in Eq. (2) as a weighted average of the consistent and lumped mass matrices for the high-order finite elements. It was also shown in [7] that the same results can be obtained with the modified integration rule for the mass matrix. With this technique, the dispersion error is improved from the order 2 p to the order 2 p + 2 ( p is the order of polynomial approximations). However, even for the quadratic elements, the modified stencil equation derived in [7] in the 1-D case is based on the replacement of the mid-side degree of freedom within the 1-D element by the degrees of freedom related to the nodes located at the ends of the same element (it seems that such a replacement is impossible in the 2-D or 3-D cases due to the belonging of the same mid-side degree of freedom to different elements).
New isogeometric elements with a higher order of continuity across elements are suggested in [3, 5, [30] [31] [32] for dynamics problems. It has been shown in these papers that the isogeometric elements yield more accurate numerical results for wave propagation problems compared with the high-order finite elements. The modification of the nondiagonal mass matrix in [24, 25] for the isogeometric elements allows the increase in the order of the dispersion error from order 2 p to order 2 p + 2 in the 1-D case and for one specific direction of harmonic waves in the 2-D case (these techniques do not improve the order of the dispersion error in the general 2-D case). It is also necessary to mention that in contrast to the high order finite and spectral elements, the stencil equation for the isogeometric elements on uniform meshes is the same for all internal degrees of freedom (for the high order finite and spectral elements there are several stencil equations with different structures depending on the location of nodes). This simplifies the analysis of the numerical dispersion error for the isogeometric elements. However, along with the advantages, there are some issues with the isogeometric elements. For example, the lumped mass matrix for the isogeometric elements decreases the order of the dispersion error to the second order of accuracy; e.g., see [30] . Therefore, a special iterative procedure for linear dynamics problems was developed in [30] in order to obtain the same order of the dispersion error for the lumped and consistent mass matrices.
Despite the improved accuracy of the above-mentioned techniques, all of them may yield spurious high-frequency oscillations at high-frequency and impact loadings. These spurious oscillations may lead to divergent results at mesh refinement; e.g., see [33, 34] . The existing techniques for the suppression of the spurious oscillations are based on the introduction of numerical dissipation (or artificial viscosity) for all time increments at the integration of Eq. (2); e.g., see [2, 35] and many others. However, the existing techniques do not quantify the range of the spurious frequencies and also may yield inaccurate results. Recently a special approach for the accurate solution of acoustic and elastic wave propagation problems has been developed in [22, 23, 33, [36] [37] [38] [39] [40] . This approach includes the two-stage time-integration techniques with the quantification and the filtering of spurious oscillations for different space-discretization methods, an a priori global error estimator in time, the linear finite elements with reduced dispersion. The numerical results in [22, 23] showed that the reduction of the dispersion error for the linear finite elements leads to a huge reduction in the computation time.
The derivation of the analytical formulas for the numerical dispersion error is difficult and very often intractable due to very long and complicated non-linear expressions with a large number of different parameters. This is an issue for high-order space-discretization methods in the multidimensional case. For example, in the recent paper [41] the numerical dispersion analysis of the conventional isogeometric elements for elastic waves in the 2-D case was presented numerically (without analytical expressions). To simplify the analytical study and improvement of the numerical dispersion error for high-order space-discretization methods, this paper starts the analysis with the corresponding stencil equation with unknown coefficients. It is important to note that all these unknown coefficients can be found by the minimization of the numerical dispersion error. Therefore, the accuracy of the approach considered in the paper cannot be improved with other coefficients of the stencil equation and is optimal. With the optimal coefficients the order of the numerical dispersion error is increased from order 2 p to order 4 p. In Sections 1.1 and 1.3 we will consider the dispersion analysis of the conventional high-order isogeometric elements in the 1-D case. Based on the dispersion analysis, in Sections 1.2 and 1.4 we will develop new quadratic and cubic isogeometric elements with reduced dispersion in the 1-D case. We will also show that by the modification of the stiffness matrix, the dispersion error of the high-order isogeometric elements with the lumped mass matrix can be improved; see Sections 1.2.2 and 1.4.1. The numerical examples in Section 2 will show the computational efficiency of the new approach. For the derivation of many analytical expressions presented below we have used the computational program "Mathematica".
Dispersion analysis in the 1-D case
Inserting time-harmonic solutions
into the wave equation (1) in the 1-D case (∇ 2 u = ∂ 2 u ∂ x 2 ) leads to its reduction to the Helmholtz equation
where ω is the angular velocity, k = ω/c is the wave number, i = √ −1. Eq. (7) allows the following exact solutions: After the space discretization, Eq. (7) reduces to
For the dispersion analysis presented below we use uniform meshes. For the calculation of the mass and stiffness matrices of the conventional high-order isogeometric elements we use univariate B-spline basis functions defined recursively starting with p = 0
For p ≥ 1:
where a knot vector {ξ 1 = 0, . . . , ξ n+ p+1 = 1} is a set of non-decreasing real numbers representing coordinates in the parametric space of the curve, p is the order of the B-spline, n is the number of basis functions.
Dispersion analysis for the conventional quadratic isogeometric elements
Let us first start with the dispersion analysis of the conventional quadratic isogeometric elements (the detailed dispersion analysis for the conventional quadratic isogeometric elements can be also found in [3, 5] ). The elemental mass M e and stiffness K e matrices of a typical quadratic interior element are 
where h = 1/n el = 1/(N − p), n el is the number of elements, N is the number of control points, and p = 2 is the order of the basis functions for the quadratic elements. Considering the discretized Helmholtz equation (9) on an infinite line with the sequence of h−spaced control points x A = h A, the stencil equation can be calculated with the help of Eqs. (3) and (12) for three neighboring elements and has the following form (see Fig. 1 and [3] ):
This equation allows the following solutions (similar to Eq. (8)):
where k h is the numerical wave number.
Remark. In the dispersion analysis we do not include the solutions of Eq. (13) related to the spurious evanescent waves (see [3] ). The numerical examples in [3] show that these solutions do not affect the numerical results.
Inserting Eq. (14) into Eq. (13) we can find the following relation between the exact and numerical wave numbers k and k h : (15) is plotted in Fig. 2(a) ; see curve 1. The same results are also plotted in Fig. 2(b) in the logarithmic scale in order to show the order of convergence at mesh refinement. As can be seen, the dispersion error decreases with the decrease in the mesh size k h h. Expanding the right-hand side of Eq. (15) into a Taylor series at small h ≪ 1, we get
i.e., the conventional quadratic isogeometric elements yield the fourth order of the dispersion error for (k/k h -1); see also Fig. 2 (b).
A new approach for the quadratic isogeometric elements with reduced dispersion
For the derivation of new quadratic isogeometric elements with reduced dispersion let us start with the stencil equation with unknown coefficients for the degree of freedom u A that can be written as follows:
where unknown coefficients m j and k j ( j = 1, 2, 3) are calculated in terms of the elemental mass and stiffness matrices, respectively (at this point, these matrices are not defined). For example, comparing Eqs. (17) and (13), we can find that m 1 = 1, m 2 = 26, m 3 = 66, k 1 = −20, k 2 = −40, k 3 = 120 for the conventional quadratic isogeometric elements. Similar to the conventional isogeometric elements we assumed the symmetry for coefficients m j and k j in the stencil equation (17) for the degrees of freedom u j ( j = A − 1, A + 1, A − 2, A + 2) symmetrically located with respect to the degree of freedom u A . The idea of the new approach is to find the optimal coefficients of the stencil equation (17) that reduce the order of the dispersion error. Inserting Eq. (14) into Eq. (17) we can find the following relation between the exact and numerical wave numbers k and k h :
Expanding the right-hand side of Eq. (18) into a Taylor series at small h ≪ 1 and analyzing the first terms of a Taylor series we can find that the following constraint k 3 = −2k 1 − 2k 2 should be met in order to get at least the first order of the dispersion error. In this case Eq. (18) can be rewritten as:
Expanding again the right-hand side of Eq. (19) into a Taylor series at small h ≪ 1 and equating the first term to one and the following three terms to zero, we can find the coefficients m j and k j ( j = 1, 2, 3) from a system of four algebraic equations. They are
where a 1 is the arbitrary coefficient. The numerical dispersion error e = k h −k k calculated with the help of Eqs. (19) and (20) is plotted in Fig. 2 ; see curve 2. Expanding the right-hand side of Eq. (19) into a Taylor series at small h ≪ 1 with the coefficients given by Eq. (20) we get
i.e., the stencil equation (17) with the coefficients given by Eq. (20) yields the 8th order of the dispersion error; see also curve 2 in Fig. 2 
(b).
Remark. The new approach also improves the order of the local truncation error in space by four orders (similar to the improvement of the order of the numerical dispersion error for the new quadratic isogeometric elements); see Appendix.
Let us find the elemental mass and stiffness matrices that yield the stencil equation (17) with the coefficients m j and k j ( j = 1, 2, 3) given by Eq. (20) . Similar to the conventional mass and stiffness matrices, let us assume the following form of the new mass and stiffness matrices:
where we take into account the symmetry of the coefficients of the mass and stiffness matrices for the degrees of freedom contributing to these matrices. In this case the matrices M e and K e depend on 8 unknown coefficients m 11 , m 12 , m 13 , m 22 and k 11 , k 12 , k 13 , k 22 . With the help of (3), the coefficients of the stencil equation (17) can be expressed in terms of the coefficients of the matrices M e and K e as follows:
Solving simultaneously Eqs. (20) and (23) we can find the mass and stiffness matrices for the quadratic isogeometric elements with reduced dispersion. They have the following form: 
where a j ( j = 1, 2, 3) are three arbitrary coefficients. The dispersion error is independent of the values of these coefficients a j . Some coefficients a j can be found from the following conditions. Let us assume that the velocity is the same for the entire domain. In this case we can calculate the kinetic energy for one element with the help of the mass matrix and analytically for the considered element. Equating these two expressions we get
where
T is the vector with three equal components. Calculating the left-hand side of Eq. (25) with the help of Eq. (24) we get that a 1 = 131/210. Next, let us assume that the displacement is the same for the entire domain. In this case strains, stresses and forces are zero. The forces for one element can be calculated with the help of the stiffness matrix:
where 
Remark. All unknown coefficients of the stencil equation (17) have been found from the minimization of the order of the dispersion error; see Eq. (20) . The presence of the arbitrary coefficient a 1 in Eq. (20) is explained by the form of the homogeneous discretized Helmholtz equation (9); i.e., the multiplication of the mass and stiffness matrices by any coefficient does not change this equation and the stencil equation (17) . The unknown coefficient a 1 can be found from Eq. (25) . This leads to the following constraint for the coefficients m i of the stencil equation (17):
In this case it follows from Eqs. (20) and (28) that a 1 = 131/210. Because all coefficients of the stencil equation can be found from the analysis of the dispersion error, the 8th order of the dispersion error in Eq. (21) is maximum possible for the considered form of the stencil equation (that is related to the support of basis functions by a specific number of elements) for all quadratic isogeometric elements.
i.e., we can get the 6th order of the dispersion error in this case (see also Fig. 2(b) ). Finally, using the first three equalities in Eq. (23), we can find the following form of the modified mass matrix: 
with one arbitrary coefficient a 1 . The dispersion error is independent of the value of this coefficient.
Remark. We should note that at a 1 = 54 2 3 the mass matrix in Eq. (30) coincides with that in [24] . The coefficients m 1 = 7/720, m 2 = 19/90, m 3 = 67/120 of the stencil equation are independent of a 1 and also coincide with those in [24] . This means that curves 3 in Fig. 2 correspond to the dispersion error of the isogeometric elements developed in [24] . In contrast to [24] , we use a completely different derivation and also show that the 6th order of the dispersion error in [24] for the quadratic isogeometric elements with the conventional stiffness matrix is maximum possible (because the above-mentioned coefficients m i are optimal). 
Numerical dispersion of the quadratic isogeometric elements with the lumped mass matrix
The approach presented in the previous sections can be also used for the analysis and the reduction of the dispersion error for the lumped mass matrix. In this case we should consider the stencil equation (17) with m 1 = m 2 = 0. For the conventional stiffness matrix with k 1 = 20, k 2 = 40, k 3 = −60, the coefficient m 3 can be found from the analysis of the dispersion equation (as described in the previous sections) and is equal to m 3 = 1. The numerical dispersion error e = k h −k k for the lumped mass matrix and the conventional stiffness matrix is plotted in Fig. 3(a) ; see curve 1. The same results are also plotted in Fig. 3(b) in the logarithmic scale in order to show the order of convergence at mesh refinement. A Taylor series of the dispersion equation has the following form
i.e., the dispersion error has the second order of accuracy for the lumped mass matrix (see also Fig. 3(b) ). Using the first three equalities in Eq. (23), we can find the following form of the lumped mass matrix:
with one arbitrary coefficient a 1 . The dispersion error is independent of the value of this coefficient. It is important to note that according to the analysis of the stencil equation with the lumped mass matrix, there are no additional degrees of freedom that allow the reduction of the dispersion error with the conventional stiffness matrix. Independent of the techniques for the calculations of the lumped mass matrix, the best accuracy corresponds to the second order of the dispersion error. However, the accuracy of the results with the lumped mass matrix can be improved by the modification of the stiffness matrix. Let us consider again the stencil equation (17) with m 1 = m 2 = 0 and undefined coefficients k j ( j = 1, 2, 3). Using the approach similar to that in Section 1.2 and equating the first term of a Taylor series of the dispersion equation to unity, and the following one term to zero, we can find that m 3 = 3/4a 1 , k 1 = a 1 /16, k 2 = −a 1 , k 3 = −2k 1 − 2k 2 = 15/8a 1 with one arbitrary coefficient a 1 . The numerical dispersion error e = k h −k k for the lumped mass matrix and the modified stiffness matrix is plotted in Fig. 3 ; see curve 3. In this case, a Taylor series of the dispersion equation has the following form i.e., we can get the fourth order for the dispersion error (see also Fig. 3(b) ). Using Eq. (23), we can find the following form of the lumped mass matrix and the modified stiffness matrix:
with three arbitrary coefficients a j ( j = 1, 2, 3) that do not affect the dispersion error. Some coefficients can be found with the help of Eqs. (25) and (26) and they are a 1 = a 3 = 8. With these coefficients, Eq. (34) can be rewritten as:
Dispersion analysis for the conventional cubic isogeometric elements
The analysis of the dispersion error for the conventional cubic isogeometric elements with p = 3 can be done similar to Section 1.1. The mass and stiffness matrices of a typical interior cubic element are 
These matrices lead to the following stencil equation calculated with the help of four elements; see Fig. 4 :
Inserting Eq. (14) into Eq. (37) we can find the following relation between the exact and numerical wave numbers k and k h :
The numerical dispersion error e = (38) is plotted in Fig. 5(a) ; see curve 1. The same results are also plotted in Fig. 5(b) in the logarithmic scale in order to show the order of convergence at mesh refinement. As can be seen, the dispersion error decreases with the decrease in the mesh size k h h. Expanding the right-hand side of Eq. (38) into a Taylor series at small h ≪ 1, we get i.e., the conventional cubic isogeometric elements yield the 6th order of the dispersion error for (k/k h -1); see also 
A new approach for the cubic isogeometric elements with reduced dispersion
The derivation of new cubic isogeometric elements with reduced dispersion is similar to that for the quadratic elements in Section 1.2. Let us start with the stencil equation with unknown coefficients for the degree of freedom u A that can be written as follows:
where the unknown coefficients m j and k j ( j = 1, 2, 3, 4) are calculated in terms of the elemental mass and stiffness matrices, respectively (at this point, these matrices are not defined). For example, comparing Eqs. (40) and ( (14) into Eq. (40) we can find the following relation between the exact and numerical wave numbers k and k h :
Expanding the right-hand side of Eq. (41) into a Taylor series at small h ≪ 1 and analyzing the first terms of a Taylor series we can find that the following constraint k 4 = −2k 1 − 2k 2 − 2k 3 should be met in order to get at least the first order of the dispersion error. Expanding the right-hand side of Eq. (41) with k 4 = −2k 1 − 2k 2 − 2k 3 into a Taylor series at small h ≪ 1 and equating the first term to unity and the following five terms to zero, we can find the coefficients m j and k j ( j = 1, 2, 3, 4) from a system of six algebraic equations. They are
where a 1 is the arbitrary coefficient. The numerical dispersion error e = k h −k k calculated with the help of Eqs. (41)- (43) is plotted in Fig. 5 ; see curve 2. Expanding the right-hand side of Eq. (41) into a Taylor series at small h ≪ 1 with the coefficients given by Eqs. (42) and (43) we get
Eq. (44) corresponds to the 12th order of the dispersion error; see also Fig. 5(b) .
Remark. The new approach also improves the order of the local truncation error in space by six orders (similar to the improvement of the order of the numerical dispersion error for the new cubic isogeometric elements); see Appendix.
Let us find the elemental mass and stiffness matrices that yield the stencil equation (40) with the coefficients m j and k j ( j = 1, 2, 3, 4) given by Eqs. (42) and (43) . Similar to the conventional mass and stiffness matrices, let us assume the following form of the new mass and stiffness matrices: 
where we take into account the symmetry of the coefficients of the mass and stiffness matrices for the degrees of freedom contributing to these matrices. In this case the matrices M e and K e depend on 12 unknown coefficients m 11 , m 12 , m 13 , m 14 , m 22 , m 23 and k 11 , k 12 , k 13 , k 14 , k 22 , k 23 . With the help of (3), the coefficients of the stencil equation (40) can be expressed in terms of the coefficients of the matrices M e and K e as follows:
Solving simultaneously Eqs. (42), (43), (46) and (47) we can find the mass and stiffness matrices for the cubic isogeometric elements with reduced dispersion. They have the following form: 
where a j ( j = 1, 2, 3, 4, 5) are five arbitrary coefficients. The dispersion error is independent of the values of these coefficients. Some coefficients a j can be found from Eqs. (25) and (26) with 
Remark. Similar to the explanations in Section 1.2, the 12th order of the dispersion error in Eq. (44) is the maximum order for all cubic isogeometric elements.
Numerical dispersion of the cubic isogeometric elements with the lumped mass matrix
The analysis of the numerical dispersion of the cubic isogeometric elements with the lumped mass matrix is similar to that for the quadratic elements in Section 1.2.2. Let us consider the stencil equation (40) with m 1 = m 2 = m 3 = 0. For the conventional stiffness matrix with k 1 = −42, k 2 = −1008, k 3 = −630, k 4 = 3360, the coefficient m 4 can be found by the analysis of the dispersion equation (as described in the previous Sections) and is equal to m 4 = 1. In this case, the dispersion equation has the following form
The numerical dispersion error e = k h −k k given by Eq. (52) is plotted in Fig. 3 ; see curve 2. It is interesting to note that this numerical dispersion error for the cubic elements is greater than that for the quadratic elements with the lumped mass matrix; see curve 1 in Fig. 3 . A Taylor series of the right-hand side of Eq. (52) yields
i.e., the dispersion error has the second order of accuracy for the lumped mass matrix (see also Fig. 3(b) ). Using Eq. (46), we can find the following form of the lumped mass matrix:
with two arbitrary coefficients a 1 and a 2 . The dispersion error is independent of the values of these coefficients. Due to Eq. (3) for the calculation of the global mass matrix, the coefficient a 2 in Eq. (54) should be zero in order to get the diagonal global mass matrix (or the elemental mass matrix in Eq. (54) should be modified for the elements close to the boundary). It is important to note that according to the analysis of the stencil equation (40) with the lumped mass matrix, there are no additional degrees of freedom that allow the reduction of the dispersion error with the conventional stiffness matrix. Independent of the techniques for the calculations of the lumped mass matrix, the best accuracy corresponds to the second order of the dispersion error. However, the accuracy of the numerical results with the lumped mass matrix can be improved by the modification of the stiffness matrix. Let us consider again the stencil equation (40) with m 1 = m 2 = m 3 = 0 and undefined coefficients k j ( j = 1, 2, 3, 4) . Using the approach similar to that in Section 1.4 and equating the first term of a Taylor series of the dispersion equation to unity, and the following three terms to zero, we can find that m 4 = 90a 1 , 1 with one arbitrary coefficient a 1 . The numerical dispersion error e = k h −k k for the lumped mass matrix and the modified stiffness matrix is plotted in Fig. 3 ; see curve 4. In this case, a Taylor series of the dispersion equation has the following form
i.e., we can get the 6th order for the dispersion error (see also Fig. 3(b) ). Using Eqs. (46) and (47), we can find the following form of the lumped mass matrix and the modified stiffness matrix:
with five arbitrary coefficients a j ( j = 1, 2, 3, 4, 5) that do not affect the dispersion error. The coefficients a 3 = −1/90 and a 4 = 1/40(27 − 20a 5 ) can be found with the help of Eqs. (25) and (26) . With these coefficients, Eqs. (56) and (57) can be rewritten as: 
Numerical examples
In order to show the advantages of the new high-order isogeometric elements with reduced dispersion, below we solve three 1-D wave propagation problems by the conventional and new high-order isogeometric elements. The first two problems have continuous solutions and will be solved without the filtering stage. The third problem is related to impact loading and will be solved by the two-stage time-integration technique with the filtering stage; see [33, 36] .
A standing wave in 1-D elastic bar
Similar to [42] , the problem of a standing wave is used for the demonstration of the order of convergence of the new numerical technique. Let us consider an elastic bar of length L = 1. The wave velocity is chosen to be c = 1. A standing wave in the 1-D case can be described by the following exact solution to the wave equation: where a = 5 is used. The initial conditions at time t = 0 and the boundary conditions in terms of displacements at x = 0 and x = L are selected according to the exact solution, Eq. (60); i.e., the initial displacements are
, the initial velocities are zero and the two ends of the bar are fixed. The observation time is selected to be T = L/a. According to Eq. (60), the displacements at this observation time change the sign and the velocities at all points become zero again. The problem is solved by the conventional and new isogeometric elements on meshes with uniformly spaced control points. For the time integration the trapezoidal rule is used with very small time increments at which the error in time is very small and can be neglected. This means that the difference between numerical and analytical solutions is only related to the space-discretization error. Fig. 6 shows the convergence of the error in the velocity e v = |v exact (x = L/2, t = T ) − v num (x = L/2, t = T )| in the center of the bar at mesh refinement where v exact (x = L/2, t = T ) and v num (x = L/2, t = T ) are the exact and numerical velocities in the center of the bar at the observation time T . We should mention that the maximum error in the velocity occurs in the center of the bar. h in Fig. 6 is the distance between uniformly spaced control points. At the same h, the meshes with quadratic and cubic isogeometric elements include the same number of degrees of freedom. The results in Fig. 6 are plotted in the logarithmic scale. Therefore, the slopes of the curves at small h shown in Fig. 6 correspond to the order of convergence (the order of accuracy) of the conventional and new isogeometric elements. The new isogeometric elements yield much more accurate results than those obtained by the conventional elements. Moreover, at the same number of degrees of freedom (at the same h), the new quadratic elements are more accurate compared to the conventional quadratic and cubic elements (see curves 1, 2 and 3 in Fig. 6 ). The results in Fig. 6 are in good agreement with the theoretical order of accuracy of the conventional and new isogeometric elements reported in the previous sections of the paper.
Propagation of sinusoidal pulse in 1-D elastic bar
Let us consider an elastic bar of length L = 4 with free ends. The wave velocity is chosen to be c = 1. Zero initial displacements u(0, t) = 0 and the following distribution of the initial velocity are applied: v(x, 0) = 0 at x < 1.6 and x > 2 as well as v(x, 0) = Sin(Ω (x − 1.6) − π/2) + 1 at 1.6 ≤ x ≤ 2 with frequency Ω = 5π ; see Fig. 7 . According to the exact D'Alembert's solution to this problems, the initial velocity sinusoidal pulse splits into two velocity sinusoidal pulses of the same frequency Ω and a half amplitude that propagate in the opposite directions with wave velocity c = 1. For example, the exact solutions at the observation times T = 1 and T = 17 are shown in Fig. 8 ; see curves 1 (it can be checked that the exact solutions at the observation times T = 1 and T = 17 coincide). Due to the small shift of the center of the initial velocity pulse (located at x = 1.8; see Fig. 7 ) from the center of the bar the exact solution is not symmetric with respect the center of the bar.
The problem is solved by the conventional and new isogeometric elements on a mesh with uniformly spaced control points with 51, 101 and 201 degrees of freedom. For the time integration we use the trapezoidal rule with very small time increments at which the error in time is very small and can be neglected. This means that the difference between numerical and analytical solutions is only related to the space-discretization error. The numerical results for the velocity distribution at the observation times T = 1 and T = 17 obtained by the conventional quadratic and cubic isogeometric elements and by the new quadratic isogeometric elements with 51 degrees of freedom are shown in Fig. 8 . As can be seen, despite the same exact solutions at the observation times T = 1 and T = 17, the numerical solutions at these times are different. At the smaller observation time T = 1, the numerical results are close to the exact solutions; see Fig. 8(a, c, e) . At the larger observation time T = 17 the numerical results are much less accurate for all elements due to the numerical dispersion error (the space-discretization error is an increasing function of time even at the exact time-integration). The numerical dispersion leads to the shift in space of the center of the sinusoidal pulse as well as to the appearance of small spurious oscillations before and after the main oscillation; compare curves 1 and 2 in Fig. 8(b, d, f) . The results also clearly show that at the same numbers of degrees of freedom, the new quadratic isogeometric elements with reduced dispersion significantly improve the accuracy of the numerical results compared with the conventional quadratic and cubic isogeometric elements; see also Fig. 9 . Despite a higher accuracy, at the same numbers of degrees of freedom the new quadratic isogeometric elements with reduced dispersion require no additional computational costs compared with the conventional quadratic isogeometric elements and require less computation costs compared with the conventional cubic isogeometric elements (due to a smaller bandwidth of the stencil equation and the corresponding matrix of the system of algebraic equations for the quadratic elements compared to those for the cubic elements). The convergence of the numerical results obtained by the new and conventional quadratic isogeometric elements at mesh refinement is shown in Fig. 10 . As can be seen from Fig. 10 , the new quadratic isogeometric elements converge to the exact solution much faster compared to the conventional quadratic isogeometric elements. Fig. 11 shows that at the larger observation time T = 17, the new cubic isogeometric elements with reduced dispersion are much more accurate compared to the conventional cubic isogeometric elements (see curves 2) and more accurate compared to the new quadratic elements at the same number of degrees of freedom (see curves 2 in Figs. 10(b) and 11(b) ).
Remark. It is interesting to note that at the derivation of the mass and stiffness matrices of the new isogeometric elements, the basis functions have not been used. Therefore, after the solution of the global semidiscrete system related to the new quadratic isogeometric elements with the non-diagonal mass matrix, we have also plotted the numerical results assuming that the global control variables yield the values of the field function u(x, t) at the nodes of a uniform mesh (i.e., similar to the conventional finite elements, at these nodes one basis function equals unity, all other basis functions equal zero). The results with this post-processing procedure are shown in Fig. 12 ; see curves 1. As can be seen, in this case the field function u(x, t) is very close to that obtained by the new isogeometric elements with the conventional isogeometric basis functions; see curves 2 in Fig. 12. 
1-D elastic bar under suddenly applied load
The 1-D impact problem considered below is a good benchmark wave propagation problem; e.g., see [36] . All low and high frequencies are excited for this problem. Despite a simple analytical solution, this problem is challenging for any numerical approach due to the appearance of spurious oscillations in numerical solutions; e.g., see [33, 43] and Figs. 14(a, b) and 15(a, b) . To treat this issue, we use the two-stage time integration technique developed in our papers [33, 36, 39] . The filtering stage of this technique includes the time continuous Galerkin (TCG) method with 10 time increments (5 positive plus 5 negative time increments) the size of which is calculated according to the special formulas; see [33, 36] . We should also mention that due to a simple analytical solution, it is easy to compare the accuracy of the numerical solutions of this problem when the spurious oscillations are removed from the results. The numerical solutions of this problem obtained by the conventional high-order finite elements, spectral elements and isogeometric elements have been compared in our paper [39] . The numerical results in [39] also show the computational efficiency of high-order elements compared with the linear elements at the increase in the observation time (the numerical dispersion significantly affects the error increase at large observation times even for the exact time integration). Let us consider an elastic bar of length L = 4 under a suddenly applied load (see Fig. 13 ). The wave velocity is chosen to be c = 1. The following boundary conditions are applied: u(0, t) = t (which corresponds to the velocity v(0, t) = v 0 = 1) and u(4, t) = 0 (which corresponds to the velocity v(4, t) = 0). Zero initial conditions are used; i.e., u(x, 0) = v(x, 0) = 0. The observation time is chosen to be T = 18. During this time the waves travel within the bar with two reflections from each end of the bar. The analytical solution to this problem for the velocity at T = 18 is: v a (x, 18) = 1 for 0 ≤ x < 2 and v a (x, 18) = 0 for 2 < x ≤ 4 (at x = 2, a jump in the velocity occurs).
The problem is solved by the conventional and new quadratic and cubic isogeometric elements on a mesh with uniformly spaced control points with 101 degrees of freedom. For the time integration at the stage of basic computations we use the trapezoidal rule with very small time increments at which the error in time is very small and can be neglected. This means that the difference between numerical and analytical solutions is only related to the space-discretization error. The details related to the filtering stage can be found in our papers [33, 36, 39] . The numerical results for the velocity distribution at time T = 18 obtained by the conventional and new quadratic and cubic isogeometric elements are shown in Figs. 14 and 15. As can be seen, after basic computations all results include spurious high-frequency oscillations; see Figs. 14(a, b) and 15(a, b). These oscillations are smaller for the isogeometric elements with the smaller dispersion error. However, it is difficult to compare the accuracy of the numerical results after the stage of basic computations due to the spurious oscillations. After the filtering stage, the comparison of accuracy is simple due to the simple analytical solution of the 1-D impact problems (curves 1 in Figs. 14 and 15) . We can clearly see that the new high-order isogeometric elements with reduced dispersion significantly improve the accuracy of the numerical results compared with the conventional high-order isogeometric elements; compare curves 2 and 3 in Fig. 14(c, d) and curves 2 and 3, 4 in Fig. 15(c, d) . We should also mention that the new quadratic isogeometric elements with reduced dispersion yield more accurate results than those obtained by the conventional cubic isogeometric elements; see curves 2 and 3 in Fig. 15(c, d) . Despite a higher accuracy, the new high-order isogeometric elements with reduced dispersion do not require additional computational costs compared with the conventional high-order isogeometric elements.
Remark. It was shown in [3, 5] that uniformly spaced control points yield more accurate results for structural dynamics problems than a linear parametrization with the constant Jacobian determinant. However, even with uniformly spaced control points, the numerical results include spurious oscillations in basic computations (see Figs. 14(a, b) and 15(a, b) ) and require the filtering stage.
Concluding remarks
The Part 1 of paper considers the development of the new high-order isogeometric elements with reduced dispersion in the 1-D case. The new findings of the paper can be summarized as follows:
• By the analysis of the dispersion error of the stencil equation with arbitrary coefficients we have shown that these coefficients can be found by the minimization of the order of the dispersion error. In this case, the order of the dispersion error can be increased from the order 2 p for the conventional high-order isogeometric elements to the order 4 p for the new elements ( p is the order of the polynomial approximations). Because all coefficients of the stencil equation can be found from the analysis of the dispersion error, the order 4 p of the dispersion error is maximum possible for the considered form of the stencil equation (that is related to the support of basis functions by a specific number of elements) for the corresponding high-order isogeometric elements. We should mention that we have never seen in the literature such a significant improvement of the order of the dispersion error for the conventional finite elements, the spectral elements or the isogeometric elements. For example, for the linear and high-order finite and isogeometric elements (e.g., see [7, 17, [22] [23] [24] ), the order of the dispersion error has been improved from the order 2 p to the order 2 p + 2 and this leads to a significant decrease in the computation time at a given accuracy. The increase in accuracy for the new isogeometric elements with the order 4 p of the dispersion error is much higher compared with the known approaches. This will lead to a much more significant reduction in the computation time at a given accuracy.
• Many wave propagation problems require small time increments for the time integration and the use of explicit time-integration methods with the lumped mass matrix is very computationally efficient. However, for the highorder isogeometric elements, the lumped mass matrix yields the second order of the dispersion error (e.g., see [3, 5] ) and makes the application of the high-order isogeometric elements computationally inefficient. Therefore, a special iterative procedure for linear dynamics problems that requires additional computational costs was suggested in [30] in order to obtain the same order of the dispersion error for the lumped and consistent mass matrices. In the paper we have shown that independent of the procedures for the calculation of the lumped mass matrix, the order of the dispersion error cannot not be improved with the conventional stiffness matrix and no additional iterations. We also showed that the dispersion error for the lumped mass matrix can be improved from the second order to the order 2 p by the modification of the stiffness matrix (without additional computational costs).
• For the linear basis functions, the conventional isogeometric elements coincide with the linear finite elements. The analysis of the stencil equation for the linear elements shows that the reduction of the numerical dispersion error for the linear elements from order two to order four in the known numerical techniques (e.g., see [13, 14, 17, 22] ) is maximum possible for all linear elements and cannot be improved (the dispersion analysis of the linear elements is similar to that for the quadratic and cubic elements presented in Section 1).
• By the solution of wave propagation problems in Section 2 we have shown the computational efficiency of the new high-order isogeometric elements with reduced dispersion. For example, the new quadratic isogeometric elements yield much more accurate results than those obtained by the conventional cubic isogeometric elements; e.g., see
Figs. 6, 9 and 15.
• Despite a good accuracy, the conventional and new high-order isogeometric elements yield spurious oscillations under high-frequency and impact loadings. In the paper we have shown that by the application of the two-stage time-integration technique developed in our recent papers [33, 36, 39] we can get accurate numerical results with the isogeometric elements as well; e.g., see Figs. 14 and 15. This technique quantifies and filters spurious oscillations.
• We should also mention that the approach developed in the paper can be directly applied to other spacediscretization techniques that have the same form of the stencil equations (e.g., see Eqs. (17) and (40)); e.g., to the high-order finite-difference method in order to reduce the dispersion error.
The development of the new high-order isogeometric elements with reduced dispersion for wave propagation problems in the 2-D case with the corresponding numerical examples is considered in Part 2 of the paper; see [1] . and e conv for the conventional quadratic isogeometric elements:
e conv = − c 2 6
i.e., the new approach improves the order of the local truncation error in space by four orders (similar to the improvement of the order of the numerical dispersion error for the new quadratic isogeometric elements i.e., the new approach improves the order of the local truncation error in space by six orders (similar to the improvement of the order of the numerical dispersion error for the new cubic isogeometric elements).
